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WEIGHTED NORM INEQUALITIES FOR
HOMOGENEOUS FAMILIES OF OPERATORS
BY
JOSE L. RUBIO de FRANCIA

ABSTRACT. If a family of operators in R” is invariant under rotations and dilations
and satisfy a certain inequality in L?(/"), then it is uniformly bounded in the
weighted space L(| x |""/?~1 dx). This is the main consequence of a more general
result for operators in homogeneous spaces. Applications are given to certain
maximal operators, the Fourier transform and Bochner-Riesz multipliers.

1. Introduction. In [17], it was shown how the theory of factorization of operators
through L7 spaces, together with certain known vector valued inequalities, could be
used to solve the problem of finding those v(x) = 0 (resp. w(x) = 0) such that

JIT7C) 0(x) dx < [ £(x) Pw(x) dx

for some nontrivial w(x) (resp. v(x)), where T is a certain operator in L?(R"). Here
we go a step further to obtain concrete weights for which the inequality holds,
namely

f|Tf(x)F’|x|“dx<f|f(x)|”|x|“dx.

The general result of this kind is Theorem 3, and it is applied to obtain weighted
norm inequalities for some operators (or families of operators) in R” invariant under
dilations and rotations, with weights of the form |x|°. A more general result
(Theorem 1) is actually proved, which may be also applied to translation invariant
families of operators in an amenable group. The operators to which the method
applies must be linearizable in the following sense.

DEFINITION. An operator T from a Banach space B to the space L°(p) of all
p-measurable functions is linearizable if, for every f € B there exists a linear operator
U = U;: B — L%(n) such that

|Uf(x) |=1 Tf(x) |5 | Us(x)|<|Tg(x)| (Vg € B).

This defines all the interesting operators in Fourier analysis: linear operators,
g-functions, maximal operators, etc.
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2. Main results. Let G denote a locally compact amenable group with left Haar
measure m, and consider a compact subgroup K of G. We form the locally compact
(homogeneous) space X = G/K consisting of all right cosets Kg (g € G). Then G
acts on X in a natural way: If x = Kh € X and g € G, then x-g=Khg € X. A
regular measure dx is defined on X as follows. We fix a continuous homomorphism
a: G- R, =(0,00) and take the image of the measure a(g)dm(g) under the
natural projection 7: G —» G/K, i.e.

(1) [1(x) dx = [ 1(Kg)a(g) dm(g)

for every continuous f with compact support. Since K is compact, a is constant on
each coset 77!(x), and its constant value will be denoted by a(x). In this way, we
have also defined a on X, and (1) can be written

2) [ f(x)a(x)" dx = [ f(Kg) dm(g).
X G
For functions f and operators T on X, we denote

fA(x) = f(x-h), TH=(11"")"  (hEQ).

THEOREM 1. Let % be a family of linearizable operators in L?(X, dx), 1 <p < oo,
which is G-invariant, i.e. T € F implies T" € F for all h € G. Suppose that, for some
r, 1 <r < oo, the following vector valued inequality holds

<C

1/r 1/r]
(2imsr) ") =(2usr)

J
Then, the family F is uniformly bounded in the weighted space L'( X, a(x)’/ P=ldx), i.e.

®3)

(1,€9).

L?(dx)

@ 1T () dx< [l [a(x)” ax - (TEST).

ProOF. Consider first the case 1 <r <p < o0, and denote s = p/r. The main
point in the proof is that (3) implies the following: For every u € L*( X, dx), there
exists U € L*( X, dx) such that ||U |l < llull . and

(5) [JT)ru(x)dx <[ |7(x) [U(x) dx - (TET).

This is a particular case of [17, Theorem A}, and it can be obtained from Maurey’s
results on factorization of operators through L" (see [15]). Now, for every h € G, we
can replace in (5) f(x) and Tf(x) by f(x-h~") andTf(x - h™") respectively (due to the
invariance of % ). Since

[#x-m)ax = [ y(Kgh)a(gh)a(h) ™" dm(g)

= a(h)"A(h)f\p(x) dx
X
where A is the modular function of G, we obtain from (5)

(6) fxlTf(X)I’u(x-h)dX<C’fxlf(x)l’U(x~h)dx (TE€F; heQG).
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Let F be any compact subset of X. Since the subgroup K is compact, F = 7 \(F)is a
compact subset of G, and since G is amenable, there exists an open set V in G such
that m(FV) < (1 + e)m(V) (see [8]). Then, if we take u(x) = a(x)"/*x . (x)
(where F -V ={y-h|y € F,h € V} C X)it follows that

1/s
Wi, < llull, = ( GxF.y<Kg)dm(g))

=m(EV)" < {1 + e)m(V)}'"".

Now we multiply both sides of (6) by a(k)'/*" and integrate with respect to h over
the open set V. In the left hand side we get for every x € F

[ - m)a(k)'” dm(h) = a(x)™" [ x .y (x-h) dm(h)

=>m(V)a(x)"".
In the right hand side, by using (1) and the left invariance of Haar measure, we get

, , B /s’
fVU(x -h)a(h) dm(h) < m(V)a(x)"* (fGU(x h) a(x-h)dm(h)

=m(V)a(x)"NUI, < (1 +e)m(V)a(x)""".
Combining everything

(7) j;_l Tf(x) |’a(x)'l/s'dx < C’(l + E)/le(x) Ira(x)—l/s’dx (T c 6})

Since the compact set F and € > 0 are arbitrary, the theorem is proved in this case.

Now we consider the case 1 <p <r < co. Let QU be the family of all linear
operators in L?( X, dx) which are dominated by some operator in %, i.e. U € QU iff
there exists T € % such that

| Uf(x)|<|Tf(x)| forallf€ L”(dx).
It is clear that the operators in Q satisfy the inequality (3). By duality, the adjoint

operators {U* | U € AU} satisfy the vector valued inequality in L”'(/"), and by the
case already proved

j| U*f(x) ['a(x)"? ' dx < cr’[|f(x) Fa(x)””'dx  (Ue).

But the norm of U* as an operator in L"(w(x) dx) is equal to the norm of U as an
operator in L'(w(x)~"/" dx). Therefore

J1Upx) () e < € f1£(x) fa(x)7 e (U E )

and by definition of linearizable operator, the same is verified by the family .

As a first example of the situation described above, we can consider the group of
rotations in R”, G = SO(n), and the compact subgroup K = {g € G| x,- 8§ = x4} =
SO(n — 1), where x, = (1,0,...,0). Then G/K is naturally identified with the unit
sphere 2, _, = {x € R"||x|= 1} (to each x € 2, _, corresponds the coset {g € G |
Xo-& = x}). Since G is compact, the only homomorphism which we can choose is
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a(g) = 1, and dx is normalized Lebesgue measure in 2,_,. Then, Theorem 1 gives

THEOREM 2. Let T be a linearizable operator in L?(Z,_,),1 <p < oo, andletr = 1
be such that

J

x| =

(1m500r) " aotx) < crf

[x|=1

(S15t0r) " dox)

forallf, € LP(Z,_,) and p; € SO(n). Then T is a bounded operator in L'(Z,_,) with
norm < C.

In the next example, G will be the group of all linear transformations in R” which
are positive multiples of a rotation, i.e.
G={tp|t R, ,p €SO(n)} =R, XSO(n).

If K is defined as above, G/K can be identified with R” — {0}. If we fix as Haar
measure in G the product of dt/¢ (in R, ) and normalized Haar measure in SO(n),
and consider the homomorphism: a(g) = det(g) = ¢" (if g = tp), it follows very
easily that dx is c, times Lebesgue measure in R" — {0} (with ¢, = [(n/2)/27"/?).
On the other hand, the definition of « in X gives in this case: a(x) =| x |". Therefore,
Theorem 1 yields

THEOREM 3. Let F be a family of linearizable operators in LP(R"), 1 < p < o0,
which is invariant under dilations and rotations. If

(i) | <(zisr)”

holds for some r € [1, o0), then

<C

)4

(8)

(7€)

P

©) [T Ix P Vax<cr [ |f(x)[|x]"77Vdx (T E€F).
R" R"

Finally, if we apply Theorem 1 to an arbitrary G, and take the subgroup K and
the homomorphism « to be trivial (i.e., K = {e}, a(g) = 1), we get

THEOREM 4. Let G be a locally compact amenable group, and let T be a linearizable
operator in L?(G), 1 <p < oo, such that, for all f, € L?(G)and h; € G

(10) L(2|T];(xhj)|’)p/rdm(x) <C”fc(2lfj(xhj)l’)p/rdm(x)

where r = 1. Then T is a bounded operator in L'(G) with norm < C.

When T is invariant under right translations, (10) simply means that the /"-valued
extension of T is bounded, i.e.

(Simr)”

J

(11) <C

(zusr)”

ReMARK. Theorem 3 is by no means the most general result of this sort which can
be obtained from Theorem 1. For instance, operators from L? to L9, p # g, with an

P P
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adequate homogeneity may be considered (e.g. fractional integrals). This is il-
lustrated in the case of the Fourier transform in (3.b) below. Also, R” can be
replaced by a nilpotent Lie group with a group of dilations acting on it (as the
Heisenberg group, for instance, or R” itself with nonisotropic dilations).

3. Applications. Here we shall use first theorem 3 to obtain some old and new
weighted norm inequalities for operators arising in Fourier analysis, with weights of
the form | x|° Then, some results concerning translation invariant operators are
obtained by using Theorem 4.

(3.a) Maximal operators. Let p be a positive finite Borel measure in R”, and for
each 1 > 0 and p € SO(n), denote by p, , the measure p rotated by p and dilated by
t,ie.

J7(x) du, (x) = [f(10x) du(x).

For functions h € L', (R"), this definition means: h, ,(x) = t~"h(p*x/1). Associ-
ated to p is the maximal function

M, f(x) = sup|f*p,,(x)]

which is defined a priori on (say) Schwartz functions in R".

COROLLARY 1. If M# is bounded in some LP(R"), 1 < p < oo, with norm C, then
[ M fG) 1 xlmdx < €[ 1 f(x) [l x [ dx
R" R”

forp<sr<owand0<a<r/p—1

PRrROOF. The vector valued inequality

(ZIMMf,I’)m

J

(12) <C

(%MV)I/’

P

holds for p < r < o0, since we can interpolate between the obvious result for r = p
and the inequality for r = o

(sup 10,5

P

S ‘
14

Mﬂ(sqp|fj|)‘ <c
J 4

(sup151)

If we apply Theorem 3 to (12) the result is proved.
If we take as p the rotation invariant probability measure concentrated in the unit
sphere of R", we obtain Stein’s maximal spherical means

M(x) =sup [ f(x — 1) do(y))|

which is bounded on L?(R") when n =3 and p > n/(n — 1) (see [20]).

COROLLARY 2. Let f € L'(R", | x|“dx) where n=3 and 0 <a<r(n—1)— n.
Then

lim fM:lf(x —)de(y) =f(x) ae.
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and
(13) JIf) P xdx < G o f1£(x) ] x| d.

The example in [20, p. 1283] shows that inequality (13) is sharp for positive a. The
natural conjecture is that (13) holds when -n < a < r(n — 1) — n, and this would be
true if the following best possible (see Theorem 4) vector valued inequality were
verified:

< (| (—n—<r,p<oo).

n—1

1\/r
(S1onr) ]

(2ur)”

P
On the other hand, interpolation with the known inequalities for the Hardy-
Littlewood maximal function proves that 9 is bounded in L'(R", | x |*dx) if n = 3,
r—n<a<r(n—1)—nandn/(n—1)<r<n.

Similar statements can be made for the spherical means 9IL°f (see [20]) with a > 0,
by taking dp(x) = [(a)™'(1 — | x|*)%"" dx. In this case there are also results in R2.

In the next application we take p uniformly distributed in the unit ball of R”, so
that M, is the Hardy-Littlewood operator in R"

M'f(x)=sup|[ f(x—v)dy|.
>0 Y=<l

It has been recently proved by E. M. Stein [19] that
IMf ok < Coll fll prrry (1 <p < o00,nEN)
with C, independent of n. Therefore, the following is also true.

COROLLARY 3. If 1 <r<oo,nENand0<a<r—1
(14) LM )| xmde < G [f(x) ]| x| dx
R" R"

where C, , is independent of n.

If the constants in the vector valued inequalities of Fefferman and Stein [7] were
independent of the dimension (for the maximal function on balls, not on cubes),
Corollary 3 could be extended to -1 <a <r — 1.

Now we shall apply Corollary 2 to Cérdoba’s maximal operator in R?:

1
M,f(x)= su — | |f
W)= s TR
where & ,, = {all rectangles in R? of eccentricity N in arbitrary directions). It is
known [3, 21] that the norm of My, in L?>(R?) is bounded by C(log 2 N). Since we can
use Corollary 2 with p uniformly distributed in the rectangle R, = [-1,1] X [-N, N],
we have

COROLLARY 4. Forevery N = land2 <r < oo

1/r /r

(15) (LZIMNf(X)I'I)Cl"de < C(logZN)(/RJf(x)|r|x|,_2dx 1

where C is an absolute constant.
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There are some known results for certain n-dimensional analogues of the operator
M, (see [3]) to which Corollary 2 can also be applied.
Finally, we mention that Corollary 4 holds with M, replaced by

M f(x) = sup| [ f(x = ey)4(y) |

where ¢ € L'(R?) is radial and

5= ([P v par) <o

for some p, 1 < p < 2 (see [1]). In this case, the norm C(log N) in (15) is replaced by
Gyl + B,). )

(3.b) The Fourier transform. Let f(y) denote the Fourier transform of a function
f(x) in R". Then we have Pitt’s inequalities (see [18]).

COROLLARY 5. If 1 <r < o0 and max(0,2 — r) < a < 1, then
(19 LIy dy < G |f) I xrer a.
R" R

PROOF. Let x* denote the inverse of a point x € R" — {0} with respect to the unit
sphere, i.e. x* =| x|2x. Then Tf(x) = f(x*)|x|™" is a unitary operator in L?(R"),
and it is of weak type (1, 1). Therefore, it is bounded in L?, 1 <p <2, and has a
bounded extension to L?(/"), 1 <p <r <2 (see [14]). Since T is rotation and
dilation invariant, we apply Theorem 3 to obtain that T is bounded in L'(| x |*")
when 1 <r=<2,0=<b<r— 1, and this is equivalent to (16) by changing variables.
The case 2 < r < oo follows by duality or by using Theorem 3 for the adjoint of T,
T /() = (M) %[ ().

(3.c) Spherical summation. Let us consider now the Bochner-Riesz operators in R?

(S2/)"(§) = f(&)(1 — |£P/R?)
which, according to the theorem of Carleson and Sjolin, are uniformly bounded in
LP(R?) for

d g <p<p=—2 (O< <l)
3+2a PeSPSPTT7T75, “=37)

We shall give a new proof of the following weighted norm inequalities due to I.
Hirschman [10].

COROLLARY 6. Given aand r with | 1/r — 1/2|< a < 1/2, the inequality
(17) IS x [ e < G [ 1A x]e 2 d
holds if and only if (1/2 — a)r <a <(3/2 + a)r.

PROOF. The usual computations with Hankel transforms shows (see [9]) that, if
f € S(R?) is such that f(£) = 1 in the unit ball of R%, then Stf(x) = C|x|>/27=.
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Therefore (17) implies a < (3/2 + a)r, and by duality, the necessity of a >
(1/2 — a)r also follows. On the other hand, the vector valued inequality

a  |(zisssr) | <c(2isr)”

holds for r = 2 by a recent result of Cordoba and Lopez-Melero [4], and by analytic
interpolation with the trivial estimates for (Sg) when a >1/2, it holds when
|1/r—1/2|<a. Since 2r/p, — 1)=B/2+ a)r —2 and 2r/p, — 1) =
(1/2 — a)r — 2, the “if” part is now a consequence of Theorem 3.

REMARKS. Hirschman’s proof is only for r = 2, but the case |1/r — 1/2|<a
follows easily from this once the theorem of Carleson and Sjolin is known. The proof
given here was sketched in [17]. It is natural to expect that (18) holds with
P, <r, p<p.. If this were the case, Corollary 6 would be true for the best possible
range p, <r <p..

Another known result which can be obtained from Theorem 3 is the boundedness
in L'(R",|x|*dx), -n <a<n(r— 1), of every singular integral operator with
kernel K(x) = Q(x")|x|™", where Q(x’) satisfies the L"-Dini condition (this is a
particular case of [11, Theorem 4]). The vector valued inequality needed to prove this
is contained in the general results of Benedek, Calderon and Panzone [2].

(3.d) Translation invariance. When T is a bounded linear operator in L”, (11)
holds at least for » = 2 (see [14]), and we obtain as a particular case of Theorem 4
the following well-known result (see [5]).

< Cp‘

p

(Pe<p<p)

)4

COROLLARY 7. Let G be a locally compact amenable group. Every bounded linear
operator T in LP(G) which is invariant under right translations, is also bounded in
L*(G). Moreover, if T is positive, then it is also bounded in L'(G) for every r = 1.

The last assertion follows because (11) holds for every r = 1 if T is linear, positive
and bounded in L?.

Finally, we can apply Theorem 4 to the problem of extending a bounded operator
T in L?(G) to L{(G), where B is an arbitrary Banach space. The natural extension
Tg = T ® 1z is defined a priori in L?(G) ® B

TB(EL-bf) =2(1)-5,  (f€L7(G). b€ B).

If Ty is continuous from L?(G) ® B to L{(G), then it can be extended by continuity
to L(G).

COROLLARY 8. Let G be a locally compact amenable group, and let T be a linear
operator invariant under right translations. Suppose that the exact range of p’s for
which T is bounded in L?(G) is known to be py <p <p,, where | < p, <2 <p, < o0.
If T has a bounded extension Tg to L§(G) for some p, then the Banach space B must be
of (Rademacher) type p, + € and cotype p, — & (with € > 0).

PROOF. Suppose that r = sup{q: B is of type g} < p,. Then /" is finitely represen-
table in B by the theorem of Maurey and Pisier [16], and from the fact that T has a
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bounded extension to L{(G), it follows very easily that the same is true for /’, i.e.
(11) holds. But Theorem 4 then implies that T is bounded in L'(G), contradicting the
hypothesis. The argument for the cotype is quite similar.

4. Some counterexamples. The converse of Theorem 3 is false, i.e., for a family &
dilation and rotation invariant, (9) does not imply (8). In fact, let H, denote the
Hilbert transform in the direction e (where e € R?, |e|= 1). Then (H,).e3, 18
dilation and rotation invariant, but the vector valued inequality

1/2 1,2
(21m,58) | <q(215P)
J P J p

is only true in the trivial case p = 2 (see [6]). However,

JJHA) Plxdx < Cf [f(x) P x| dx
R R

provided that -1 < a < 1 (see [10]).

For a family ¥ invariant under dilations but not under rotations, Theorem 3 may
be false. For instance, there exist a singular integral operator T in R? whose kernel is
homogeneus: K(x) = Q(x")| x |"" and such that T is not bounded in L*(R?, | x |* dx)
when |a|>1 (see [12]). However, T is dilation invariant and satisfies the vector
valued inequality (11) for all 1 < p,r < co (see [2]). As a consequence of this, if we
consider the (nonseparable) Hilbert space H = [?(I), with I =[0, 27), and the
£( H)-valued kernel K defined on R? = C by

K(z)h = (K(e”’z)ho),,e,, h=(hg)ee; € H,
we get the following

COROLLARY 9. The singular integral operator

Tf(x) =pv.| R(x =0 dy (1€ L3(R)
is bounded in L2,( R*) but it is not bounded in L{,(R*) when |1/p — 1/2|>1/4.

If we drop in Theorem 1 the condition of being G amenable, the result may be
false. Actually, the first assertion of Corollary 6 is not true for the (nonamenable)
group G = SL(2, R) (see [13]).
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